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Abstract 1991; Fontana and Buss, 1994) In their model, Fontana and
Buss demonstrate the emergence of complex self-sustaining
An abstract artificial chemistry is proposed in the form of a constructive networks made up of interactingalculus ex-
transformation on a space of directed graph structures. The pressions. Similar complexity has also been discovered in

transformation is derived by generalizing the reading gssc h . .
of a finite-state machine from transitions betwestatesto systems of co-constructing machines and tapes (lkegamiand

transitions betweepairs of coupled stategomposite statgs Hashimoto, 1995). In each case, topological complexity of
The state-transition graph generated by the transformatio the network that emerges is not readily reducible to the com-
(composite-state machipenay be seen as a “phase space” ponents (expressions, machines/tapes) upon which it is de-

of possible reading trajectories on the original graph. hSuc
a phase-space is always exponentially larger than the-origi
nal state-transition graph from which it is derived. Hietar

fined. Many other AC models have been devised that deal
with related forms of complexity and emergence (Banzhaf,

cal complexity scalings demonstrated, wherein complexity 1994, Dittrich and Banzhaf, 1998; McCaskill, 1988; Thurk,
of the product of the transformation is shown to expand pro- 1993; Yamamoto and Kaneko, 2003).
portionately with the size of the graph (number of nodes). The goal of the work presented in this paper is to: (a)

Simple examples evidence a richness of topological ditsersi - g . L .
and seemingly open-ended complexity increase. A classifica to devise an abstract artificial chemistry thatmimalin

tion scheme is introduced to group simple graphs on the basis ~ terms of its formal specification, and (b) to explore the con-

of the topologies that they generate, uncovering certasicha structive potential of this minimal chemistry. A transfor-
trends. Relatipn qf the findings to earlier artificial chetnyis mation on a space of directed graph structures is proposed
models and directions for future work are discussed. satisfying (a), properties of which distinguish it from kear

AC and complex systems models. Whereas existing mod-
Introduction els focus mainly on dynamlcs Wlthln a fixed state-space, the
o ] o proposed transformation applies directly to the statespa
Within the fields of complex systems and artificial life, the itself, generating a larger, more expansive, and more com-
§earch forsimple systems capable of e_xpreSSing open-endedyjex “composite” space. While this new space is similar
increases in complexity has resulted in a number of com- 4 the constructive networks of earlier artificial chemyistr
putational models taking on a variety of forms. Differing  models, a key distinction is that in this case the components
types of complexity have been demonstrated in such models. g network are of the same type: both are state-transition
The potential qf certain cellular automata systems, for in- graphs. The process of generating composite spaces (state-
stance, to continuously generate complex temporal pattern  composition) may thus be applied indefinitely, generating
is by now well-known (llachinski, 2001; Wolfram, 2002). g hierarchy of graphs of exponentially-increasing size and
Systems of nonlinear differential equations readily emm®  complexity. Examples of such hierarchies are investigated
complexity in their phase-space trajectories (Prigogime a In the next section, the basic format of the system is out-
Stengers, 1984). Many other systems, both discrete and €on-jineq - Section 111 describes simple exploration experitsen
tinuous, exhibit other types of complexity (Bar-Yam, 1997)  giing an indication of the system’s complexity. A classifi-

The field of Artificial Chemistry (AC) also concerns it-  cation scheme is also introduced to group the set of minimal

self with complexity, but in the context of uncovering basic ;4 node graphs on the basis of the topologies that they gen-
mechanisms governing organization, self-maintenanak, an gate. Conclusions are summarized in Section IV.

self-construction (Dittrich et al., 2001). Here, comptgxi
may for instance be observed in the construction pathways
that sustain complex chemical networks. Among the most
famous AC models exhibiting this type of complexity is the  The starting point for our formulation is the traditionahco
A-calculus system proposed by Fontana and Buss (Fontana,cept of a finite-state machine (FSM) from computer science

Formulation
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Figure 1: Three steps in a reading process on a finite-state ()

machine. Input and output streams are included below state-
transition graphs. Encircled node denotes the currerg stat
q(t), thick arrow highlights the transition to the next state
g(t+1), and black squares mark the input vaifg and
output valueo(t) of the transition. Output functions are in-
cluded beside transitions in the forifipq(i), for an input

i € o7 fromanodeg € Q.

theory (Minsky, 1967). A FSM is described in terms of a
state-transition grapB = (Q, <7, 0,¢), whereQ is a set of
states,« is a finite alphabe® : &7 x Q — Q is a transition
function, andp : &7 x Q — &7 is an output function. We re-
fer to transition and output functions for an inpet <7 from

a stateg € Q in the formdgy(i) = 8(i,q) anddq(i) = ¢(i,q),
respectively. The FSM constitutes a minimal abstractica of
physical machine: a collection of states, transitions eetw
states, and elementary input/output mappings. Given an in-
puti € o7, a FSM in stateg € Q follows the transition to
statedq(i) and returns an outpiy(i).

For what follows, we employ a dynamic picture of a FSM,
wherei(t) € </ is an input streamq(t) € Q is a dynamic
state, ana(t) € 7 is an output stream, defined at time step
t. The next state is then defined @& + 1) := q(i), and
the output a®(t) := ¢q(i), with i andq short fori(t) and
q(t), respectively. Fig. 1 illustrates three steps in a reading
process of a simple FSM using this dynamic picture. The
reader is encouraged to familiarize themselves with thas pr
cess and with the associated notation before moving on.

We consider an extension of the traditional FSM, referred
to as acomposite-state machif€SM) and defined in terms
of a pair of states(t) (sender) and(t) (receiver) inQ.
Output and transition functions at the state) for an in-
puti € o/ are denoted as(i) andds(i), respectively, for
short; functions at the statgt) are denoted aé, (i) and
o (i), respectively. The reader should think of the pair of
statess(t) andr (t), referred to together ascamposite state
as analogous to the dynamic stgte) of the FSM.

We define output and transition functions for the CSM
again in analogy to the FSM. The outm{t) of the CSM is
derived by taking the value of the output functiors@) and
feeding it to the output function aft):

)
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Figure 2: Three steps in a reading process on (a) unidirec-
tional and (b) bidirectional CSM. Encircled nodes indicate
the current statext) andr(t), thick arrows highlight transi-
tion to the next state, and black squares mark the input value
i(t) and output value(t) of the transitions.

A transition function on a CSM takes a state-f@ait),r(t))
and returns a next state-pai(t + 1),r(t+ 1)). Two sets of
transition functions are defined, each set describing ardiff
ent type of CSM. The first set we refer to@sidirectional

Os(i),
Or (9s(i))-

wheres, r, andi are short fors(t), r(t) andi(t), respec-
tively. A reading process of a unidirectional CSM is shown
in Fig. 2(a). The term “unidirectional” is used to high-
light the set of dependencies that are involved: the value of
s(t + 1) is dependent on the input) and ons(t), whereas
the value ofr (t + 1) is dependent ont), s(t) andr(t). We
may thus say that information “flows” fromtos, tor.

We also define &idirectionaltransition, identical to (2)
except that assignmentss( + 1) andr (t + 1) are swapped:

O (9s(i)),
Os(i)-

A reading process of a bidirectional CSM is shown in
Fig. 2(b). Note that in this case both dynamic stafgs- 1)
andr(t + 1) are co-dependent: both are functions of earlier
values ofi(t), s(t), andr(t). r(t + 1), for instance, is a func-
tion of s(t) andi(t), ands(t) is a function ofr (t — 1).

Given an initial statés(0),r(0)), the combination of the
output function (1) and either (2) (unidirectional) or (3)
(bidirectional) transition functions describes subsexay-
namics of state-pairs on a composite-state machine. I12Fig.

s(t+1)
rt—+1)
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Figure 3: Composite state-transition diagrams for a sim-
ple two-node graph. Left: two diagrams of an identical
two-node graph (top) and its tabular representation (bot-
tom). Right: (a) unidirectional and (b) bidirectional stat
compositions. The highlighted transition begins from the
state(s(0),r(0)) = (x,y) for an inputi(0) = 1, and advances
to a statg(x,y) (unidirectional) andy,x) (bidirectional), in
both cases returning an outputdgf($x(0)) = ¢y(1) = 0.

these dynamics are depicted as the motion of two state point-

ers 6andr) on a single shared machine. However, we may
also think of these dynamics as the motion dirRglestate
pointer on a larger diagram, one that contains stat€s4rQ
and transitions between them. The latter diagram may be

thought of as an expanded “phase-space” containing all pos-

sible reading trajectories of state-pairs on the origimapg.
This view of a CSM is shown in Fig. 3 for a simple two-
node graph. On the left, two copies of the graph are shown.
As an example, transitions and input/output values for an
initial state (s(0),r(0)) = (x,y) and an inputi(0) = 1 are
highlighted. On the right, these transitions are compaitted
a single transition on a larger (composite) graph. From equa
tion (1), the output of this single transition is determirzed

0(1) = by(¢x(1)) = dy(1) = 0. (4)

In the case of a unidirectional CSM (a), the transition func-
tion is defined by the pair of assignments in equation (2):

S(1) = 8(1) = %

r(1) =90y (¢x(1)) = dy(1) =Y. (5)

whereas in the case of a bidirectional CSM, these assign-

ments are exchanged (eq. (3)):
S(1) =3y(9x(1)) =&(1) =V,
r(1) =ox(1) =x

This difference in transition functions is reflected in the
topologies of Fig. 3(a) and Fig. 3(b): in the former case, the

(6)
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Figure 4: State compositions of Fig. 3(a) and Fig. 3(b).
Node arrangement is calculated using a method proposed
by Kamada and Kawai (Kamada and Kawai, 1989) (see Ac-
knowledgments). Input/output values have been omitted to
emphasize structure.

1-transition from(x,y) points to itself, whereas in the latter
case it points tqy,x). The reader is encouraged to work
through other combinations of inputs and initial posititms
verify that the composite diagrams of Fig. 3(a,b) are cdrrec

We refer to the transformations shown in Fig. 3(a)
and Fig. 3(b) asunidirectional and bidirectional state-
compositionsdenoted ag,(G) and (,(G), respectively, of
the graphG. Since the product of these transformations is
itself a state-transition graph, state-composition magpe
plied repeatedly, resulting in increasingly large graptss
expansion procedure constitutes the basis of the minimal
chemistry to be explored in this paper.

There is a fundamental distinction betweeglh and
Gy, noted earlier in relation to equations (2) and
(3). To appreciate the distinction, consider a trajectory
{(s(0),r(0)),(s(1),r(1)),...,(s(n),r(n))} on both graphs.
In the case of,(G), the states(t), fort < n, is dependent
on earlier values adand on the input, but not on valuesrof
information “flows” fromstor. This is very different from
Go(G), in which values of(t) andr(t) areco-dependent
codependency that arises from the “flipping”©andr in
equation (3). Thus to determine the values(f), a previ-
ous value of must be known, and conversely to kno(t)
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Figure 5: State compositions of some simple two-node gra@)<Open and (b) closed self-replicating systems. Inpityiat
values in third and fourth frames have been omitted to emphatucture.

a previous value of must be known (in addition to earlier
input values).

The distinction in dependencies betwagnand ¢}, is re-
flected in the structure of the state-composition graphis tha
they generate. In the case gf, graphs are regular, with
simple, repeated structures. Unidirectional state coimpos
tions of Fig. 3(a), shown in Fig. 4(a), demonstrate this reg-
ularity. In this particular case, state-composition proeki
an increasingly long chain structure of the same basic form
as the four-node chain in Fig. 3(a). Complexity of the struc-
ture does not increase with application @f. In the case
of bidirectional state-compaosition, however, graphs may e
hibit rapid complexity increase, as demonstrated in Filg).4(
Although the overall structure of the graph is difficult tadi
cern from this plot, it is evident that novel topological fea
tures arise with each application@f. This increase in com-
plexity, which is roughly proportional to the increase inesi
of the graph, we refer to aomplexity scaling

For the reasons noted above, we employ the bidirectional
state-composition transformation as the basis of our adistr
chemistry. It is important to appreciate the minimality of
the formalism underlying this transformation. In terms of
mathematics, we have employed only two basic operations:
function composition (in the output function (1)) and per-
mutation (the “flipping” in equation (3)). This is in conttas
to other popular formulations, such as for example cellular
automata, which rely on a set of state-specific rules, spec-
ified externally, to define dynamics of the system. Analo-
gous “rules” are difficult to isolate in the minimal chemijstr
we have proposed. Indeed, apart from the choice of uni-

directional or bidirectional state-composition, arhiinass

is completely confined to the initial graph upon which the
transformation is applied. This unique property underlies
the rapid complexity increase shown in Fig. 4(b) and further
explored in the following section.

Results

Given the space constraints of this paper, our aim in this
section is simply to convince the reader, via a set of sim-
ple examples, of the complexity and diversity induced by
state-composition; more detailed analyses are planneal for
follow-up publication. To achieve this aim, we performed
an exhaustive search of all bidirectional state-compussti
of simple two-node graphs and grouped the results accord-
ing to the types of topologies generated. There are a to-
tal of 286 = 256 2-node graphs, half of which may be ig-
nored by fixing one output value of one link, bringing the
total down to 128 graphs. First, second, and third state-
compositions of each of these graphs were produced, gen-
erating a surprising diversity of topologies. A number of
different classes of topologies were distinguished. First
results were classified as either: (a) replicating systems o
(b) complex networks. Category (a) constitutes cases in
which state-composition graphs comprise multiple digjoin
subgraphs, whereas (b) corresponds to cases in which state-
composition graphs are fully connected. Fig. 4(b) is an ex-
ample of a category (b) topology.

Fig. 5 depicts two examples of category (a) topologies.
Two subclasses are shown here: Fig. 5(a) is an example of
anopenreplicating system, whereas Fig. 5(b) is an example
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Figure 6: State compositions of some simple two-node grajph€omplex network with multiple hubs. (b) Complex netlwor
with no central hub. (c) “Membrane” topology. Input/outpatues in third and fourth frames have been omitted to eniphas
structure.

of a closedreplicating system. In the first case, subgraphs  In contrast, the diversity of subgraphs in Fig. 5(b) is lim-
increase in topological diversity and complexity in an open ited to two basic types, a four-node graph and an eight-node
ended manner. This series of graphs begins with a simple graph. Here, the relations between each subgraph type (as
two node graphG, followed by two subgraphs it (G), dictated by state-composition) do not generate new types,
followed by four subgraphs ith(G,(G)), and finally 21 thus the process of complexity scaling is limited. In our
subgraphs irG,(Gh(Gh(G))). While evidencing a high de-  study of all two-node graphs, replicator systems with only a
gree of self-similarity, the majority of graphs in the lasts  single subgraph type have also been observed; systems with
are topologically distinct. Among the 128 2-node graphs, a more than two subgraph types have yet to be found.
handful of other examples of such open-ended complexity  In the category of complex networks, three basic topol-
scaling have been observed, with distinct topologies. ogy classes have been observed in two-node graphs. The
Note that there is a combinatorial nature to this complex- first class consists of networks with multiple “hub” nodes,
ity increase: in generating a new graph, state-composition each having numerous incoming links. Fig. 6(a) is an exam-
considersall possible pairings of nodes (states). This pro- ple of one such network. Other networks, such as the one as
cess may also be considered at the level of subgraphs: all shown in Fig. 6(b), have no such central hub and are more
pairings of subgraphs contribute to the state-composiflon  decentralized. Finally, a third class of complex networks,
new subgraph type at one level of the hierarchy may gener- very distinct from the first two, is shown in Fig. 6(c). We re-
ate many new subgraph types at the next higher level of the fer to this last class as a “membrane” topology, in reference
hierarchy. These new types may themselves generate newto its three-dimensional structure. Two types of membranes
types at next higher levels, and so on and so forth. This have been observed, a “cone”-shaped topology (shown in
“cascading” underlies the complexity of Fig. 5(a). Fig. 6(c)) and a “net"-shaped topology (not shown).



Although the above categories summarize the topologies underlying formalism, it would be advantageous to estab-
observed, a great deal of diversity has been found even lish connections with other computational models. A di-
within each class. Note also that increasing the number of rect correspondence with certain cellular automata system
nodes in the initial graph vastly increases the diversity of has already been found, to be discussed in a future pub-
topologies generated; we have focused here on the minimal lication. Secondly, a more extensive exploration of state-

set as a logical starting point for future work. compositions of simple graphs is also planned. Finally, a
. long-term goal of this work is to find a match between the
Conclusions topologies of Fig. 5 and Fig. 6 and a real physical or or-

In this paper, we presented an abstract chemistry based ondanizational system. It rgmains an open question, however,
the concept of state-composition. Given the diversity of re Whether such a match exists.
sults obtained, and the minimality of the underlying formal
ism, we believe that this chemistry exemplifies a novel form Acknowledgments
of complexity not previously observed in other models. Sys- Research was supported by a scholarship from the Japanese
tems such as cellular automata, difference equations, and Ministry of Education, Culture, Sports, Science and Tech-
dynamical systems emphasize rule-based (or law-based) dy-nology. Graph visualization was performed using the soft-
namics in a fixed state-space. Complexity emerges in such ware “GraphViz”, which is based on a method proposed by
models in the structure of state-space trajectories ortn pa Kamada and Kawai (Kamada and Kawai, 1989). Source
tern formation. In the system we have presented itis organi- code for generating state-composition graphs is available
zational structure (graph topology), as opposed to dyngmic  upon request from the author.
that is the focus of interest. The complexity that emerges
from this structure does so as the space itself expands. References
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